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THE ZERO SET OF A REAL ANALYTIC FUNCTION
BORIS S. MITYAGIN
Abstract. A brief proof of the statement that the zero-set of a nontrivial real-
analytic function in d-dimensional space has zero measure is provided.
Recently, in postings [Dan15; Kuc15] the authors face the problem of finding a
good reference to the proof (or even an explicit statement) of the following.
Proposition 0. Let A(x) be a real analytic function on (a connected open domain
U of) Rd. If A is not identically zero, then its zero set
(1) F (A) := {x ∈ U : A(x) = 0}
has a zero measure, i.e., mesd F (A) = 0.
Remark 5.23 in [Kuc15] and Lemma 1.2 in [Dan15] list possible approaches to the
proof — from using Fubini’s theorem to Hironaka’s resolution of singularities. This
posting suggests a proof on the level of Calculus II.
For any B ∈ A(U), the space of real-valued analytic functions on U , let us intro-
duce the set
(2) G(B) := {x ∈ F (B) : |(gradB)(x)| 6= 0}.
Claim 1. If B ∈ A(U), then
(3) mesdG(B) = 0
Proof. Indeed, G(B) is a union of the sets
Gk := {x ∈ F (B) : |x| ≤ k,
|(gradB)(x)| ≥
1
k
, dist
(
x, U∁
)
≥
1
k
}
.
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[The third condition is omitted if U ≡ Rd, i.e., U∁ = ∅.] If B ≡ 0, all sets Gk are
empty. Otherwise, for these compact sets, by the Implicit Function Theorem (e.g.,
[Rud64, pp. 195–201, Thm. 9.18], n = 1) any point y ∈ Gk has a ball/neighborhood
where a piece of F (A) is in a coordinate (d − 1)–dimensional subspace of a nice
coordinate system. Choose a proper finite covering and get
(4) mesdGk = 0, ∀k.
So (3) follows. 
Claim 2. Assume
(5) A ∈ A(U) is not identically zero.
Then F (A) is contained in a countable union of sets of type G(B).
Proof. Indeed, for any w ∈ F (A) there exists an integer n ≥ 0 such that
(DtA)(w) = 0, ∀t ∈ Nd, N = {0, 1, 2, . . .}, if |t| ≤ n(6a)
but
(DsA)(w) 6= 0 for some s ∈ Nd, |s| = n + 1.(6b)
Otherwise, all derivatives (DpA)(w), p ∈ Nd, would vanish at w in contradiction to
(5). As usual, we put Dt :=
∂|t|
∂xt11 ∂x
t2
2 . . . ∂x
td
d
, and |a| = |a1| + · · · + |ad| for any
a ∈ Rd. We also define ej to be the jth standard basis vector, i.e.,
ej := (0, 0, . . . , 0,
j−th slot︷︸︸︷
1 , 0, . . . , 0) ∈ Rd.
Notice that
(7) (grad(DpB)) (x) = {(Dp+ejB)(x), 1 ≤ j ≤ d}
for any p ∈ Nd. Therefore, by (6a), (6b)
w ∈ G(DqA) for some q, |q| = n
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it proves that
(8) F (A) ⊆
⋃
t∈Nd
G(DtA).

By Claim 1 all sets on the right side of (8) have mesd – zero and by Claim 2
mesd F (A) = 0.
Proposition 0 is proved.
In conclusion, let us make a few remarks.
(i) Curiously enough, the above proof does not use Lebesgue measure theory
(Fubini’s Theorem or whatever else). We talk only about sets of measure
zero; by definition,
mesdC = 0 for C ⊆ R
d
if for any ǫ > 0 there exists a system {B = B(y; δy)}y∈Y of balls in R
d such
that ∑
y
δ(y)d < ǫ and C ⊆
⋃
y∈Y
B(y, δ(y)).
(ii) Along the same lines we can explain (prove)
Proposition 3. Under the assumptions of Proposition 0, the Hausdorff di-
mension of F (A) does not exceed (d− 1).
(iii) The statements in Proposition 0 and Claims 1 and 2, in particular the in-
clusion (8), remain valid if we assume that A is a real function of some
quasi-analtyic class, for example,
A ∈ CM(U) :=
{
f ∈ C∞(U) : |(Dtf)(x)| ≤ CKR
|t|
KM(|t|), x ∈ K,
∀ compact K ⊂ U} ,
where M = {M(n) : n ∈ N}, M(0) = 1, M(n) ր ∞, logM(n) is convex,
and
∞∑
n=1
M(n)
M(n + 1)
=∞.
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